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TWISTED TOPOLOGICAL GRAPH ALGEBRAS ARE TWISTED 

GROUPOID G^-ALGEBRAS 

ALEX KUMJIAN AND HUI LI 


Abstract. In m the second author showed how Katsura’s construction of the C*- 
algebra of a topological graph E may be twisted by a Hermitian line bundle L over the 
edge space E^. The correspondence defining the algebra is obtained as the completion 
of the compactly supported continuous sections of L. We prove that the resulting C*- 
algebra is isomorphic to a twisted groupoid C*-algebra where the underlying groupoid 
is the Renault-Deaconu groupoid of the topological graph with Yeend’s boundary path 
space as its unit space. 


1. Introduction 

Graph algebras have been the object of much research in operator algebras over the 
last twenty years or so. Various generalizations have also been introduced and studied by 
numerous authors. These include higher-rank graph algebras introduced by Task and the 
hrst author (see [U]); topological graph algebras due to Katsura (see 0); G*-algebras 
arising from topological quivers due to Muhly and Tomforde (see [22]); and topological 
higher-rank graph algebras due to Yeend (see [301 ESI IM]). These generalizations have 
signihcantly broadened the class of G*-algebras brought into focus. Twisted versions of 
these G*-algebras have also been proposed and studied recently. Twisted higher-rank 
graph algebras were introduced in [T8l ITO] where the twisting is determined by a T-valued 
2-cocycle. Deaconu et al. studied the cohomology of a groupoid determined by a singly 
generated dynamical system and the associated twisted groupoid G*-algebras (see [ID- 
Twisted topological graph algebras which generalize both Katsura’s topological graph 
algebras and the twisted groupoid G*-algebras investigated in [1] were introduced by the 
second author in izu. 

Katsura’s topological graphs may be regarded as an abstract dynamical representation 
of a Pimsner module (see [23]). The class of topological graph algebras have potential 
application to the classihcation of G*-algebras because many properties of topological 
graph algebras may be inferred from properties of the underlying graphs. Moreover, 
topological graphs provide models for many classihable G*-algebras. Indeed, topological 
graph algebras include all graph algebras, all crossed products of the form Co(T) (see 
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[8]), all AF-algebras, all AT-algebras, many AH-algebras, Renault-Deaconu groupoid C*- 
algebras arising from a singly generated dynamical system, etc. (see El). By a celebrated 
result all simple, separable, nuclear, purely infinite C'*-algebras satisfying the UCT are 
topological graph algebras (see m)- 

Twisted topological graph algebras also have applications to the field of noncommuta- 
tive geometry. Recently, Kang et al. proved that all quantum Heisenberg manifolds may 
be realized as twisted topological graph algebras (see El). 

A partial local homeomorphism on a locally compact Hausdorff space T is dehned to be 
a local homeomorphism a : dom(cr) —)■ ran(cr) where dom(cr),ran((j) are open subsets of 
T. The pair (T, a) is called a singly generated dynamical system. Given a singly generated 
dynamical system (T, u), one may dehne the Renault-Deaconu groupoid r(T, a) which is 
both etale and amenable (see mm)- 

Recall that graph algebras associated to row-hnite directed graphs with no sources 
were realized as Renault-Deaconu groupoid G*-algebras (see mm)- Note that the C*- 
algebra of an arbitrary graph is not dehned as a groupoid C'*-algebra but as the universal 
G*-algebra of a family of generators indexed by the vertices and edges of a graph subject 
to Cuntz-Krieger type relations (see El El El 125], etc). Katsura’s dehnition of topological 
graph algebras is based on a modihed model of Cuntz-Pimsner algebras (see [I3l|23]). He 
showed in na that when vertex and edge spaces of a topological graph are both compact 
and the range map is surjective, then the topological graph algebra is isomorphic to a 
Renault-Deaconu groupoid C'*-algebra, and conjectured that this is true more generally. 
Yeend proved that every topological graph algebra is indeed a groupoid G^-algebra (see 

Elj). 

Our main result in the present work (see Theorem 17.7p is that every twisted topological 
graph algebra is isomorphic to a twisted groupoid C'*-algebra (see Dehnition 16.2p and that 
the underlying groupoid is indeed the canonical Renault-Deaconu groupoid associated to a 
shift map with Yeend’s boundary path space as its unit space (this was implicit in Yeend’s 
work but requires some work to tease out). This result implies that every topological graph 
algebra is isomorphic to a Renault-Deaconu groupoid C'*-algebra, thereby conhrming 
Katsura’s conjecture. 

We start this paper with three equivalent dehnitions of twisted topological graph al¬ 
gebras in Section 2. Then in Section 3 we recall from mm some basic terminology of 
topological graphs and some fundamental results about twisted topological graph alge¬ 
bras. In Section 4, we introduce a notion of boundary path which is based on Webster’s 
dehnition in the case of a directed graph (see |32]), and prove that our dehnition coin¬ 
cides with Yeend’s dehnition of boundary path of a topological higher-rank graphs when 
restricted to topological 1-graph (see |3l]). In Section 5 we use Katsura’s factor map tech¬ 
nique from [9] to construct homomorphisms between twisted topological graph algebras. 
In Section 6, we obtain the relationship between principal circle bundles over the do¬ 
main of a partial local homeomorphism and topological twists over the Renault-Deaconu 
groupoid arising from the given partial local homeomorphism. We conclude in Section 7 
by proving our main result. Theorem 17.71 which says that every twisted topological graph 
algebra is isomorphic to a twisted groupoid G*-algebra where the underlying groupoid is 
the Renault-Deaconu groupoid of the topological graph discussed above. 
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2. Three Equivalent Definitions 

In this section, we recall the notion of twisted topological graph algebras introduced by 
Li in 121] and also give other equivalent descriptions of this type of C*-algebras. 

Definition 2.1 ([S])- A quadruple E = r, s) is called a topological graph if E^ 

are locally compact Hausdorff spaces, r : —)■ is a continuous map, and s : E^ ^ E^ 
is a local homeomorphism. 

Now we introduce the construction of twisted topological graph algebras from different 
point of views. Our construction involves O^-correspondences and Cuntz-Pimsner algebras 
(see [la EHl Eal EH Eg, etc). 

Let E be a topological graph, let N = {A^alagA be an open cover of E^, and let S = 
{Sq,/3 G C{Nai3,T)}a^g^A be a 1-cocycle, which is a collection of circle-valued continuous 
functions such that SagSg^ = Saj on Na^j. Suppose that x,y G noGA^(-^“) satisfy 
Xa = Sagxg and y^ = s^gyp on iV„^. Define [x\y\ G C{E^) by 

[x\y]{e) = Xa{e)yc,{e), if e G N^. 

By m Definition 3.2], define 

C'c(E,N, S) := ja: G JJ E(iVc,) : x^ = SapXg on N^g, [x\x] G C'c(E^)|. 

a£A 

For x,y & Cc{E, N, S), a G A, / G C'o(E°), and for v G E°, define 

{x- f)a := Xa{f o 
if ■ x)a ■= if or\j^)xa-, and 
{x,y)coiEO){v) := [x\y]{e). 

s{e)=v 

By m Theorem 3.3], C'c(E,N, S) is a right inner product C'o(E°)-module with an ad- 
jointable left C'o(E°)-action, and its completion X(E,N, S) under the || • |]cQ(£;o)-norm is 
a C'*-correspondence over C'o(E°). We denote (9(E,N, S) the Cuntz-Pimsner algebra of 
X(E,N, S) (see Notation 13. ip . 

Let E be a topological graph and let p : L —)■ E^ be a Hermitian line bundle. Then 
each fibre has a one-dimensional Hilbert space structure conjugate linear in the first 
variable, and the map {{hjh) E L x L : p(/i) = pih)} —)• C by sending {hyh) to 
{h,l 2 )p(h} is continuous. For two continuous sections x,y of L, there is a continuous 
function [x\y] : E^ —)■ C by [a;|p](e) := {x{e),y{e))e- Dehne Cc{E,L) to be the set of all 
continuous sections x satisfying that [a;|x] G C'c(E^). Then Cc{E,L) has a natural vector 
space structure. For x,y E Cc{E, L), f E Co(E°), e E E^, and for v G E°, define 

{x ■ /)(e) := x{e)f o s(e); (/ • x){e) := f o r{e)x{e); and 
{x,y)coiEO){v) := Y [^b](e)- 

s{e)=v 

It is straightforward to check that Cc{E, L) is a right inner product C'o(E°)-moduIe with 
an adjointable left Co(E°)-action, its completion X{E,L) under the |] • |]( 7 o(£;o)-norm is 
a C'*-correspondence over C'o(E‘^). Denote by 0{E,L) the Cuntz-Pimsner algebra of 
X{E,L) (see Notation 13. ip . 
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Let E be a topological graph and let p ; B —be a principal circle bnndle. By [26l 
Proposition 4.65], there exists a collection of continnous local sections {sa : Na 
at each point of . Denote the set of all eqnivariant fnnctions in C'c(B) by C^B). For 
x,y G C®(B), and for e G dehne [x|?/](e) := x o Sa{e)y o Sa{e) if e G N^. Then 
[x\y] G Cc{E^). By [H Page 258], for x,y E C®(B),/ G Co(F'°),5 G B, and for v G £'°, 
dehne 

(x • f){h) := x{b)f{s{p{b))); (/ • x){b) := /(r(p(&)))x(6); and 
{x,y)coiEO){v) := [x\y]{e). 

s{e)=v 

Then C®(B) is a right inner prodnct Co(-E°)-modnle with an adjointable left Co{E^) 
action, its completion X(F^,B) nnder the || ■ |]co(EO)-norm is a (P^-correspondence over 
Co{E^). Denote by 0{E,'B) the Cnntz-Pimsner algebra of X{E,'B) (see Notation 13.ip . 

Proposition 2.2. Let E be a topological graph, let N = {NPl^gA be an open cover of E^, 
and let S = {sag G C{Nag,T)}a^g^K he a collection of circle-valued continuous functions 
such that for a, ft,'y G A, SapSg^ = on Define a Hermitian line bundle over E^ 

by (with the projection map p) 

L := n„gA(A^a X C)/(e,^,a) ~ {e, sga{e)z, (3). 

Then X{E, N, S) and X{E, L) are isomorphic as C*-correspondences over Cq{E^). 

Proof We dehne a map $ : Cc{E,'N,S) —)■ X{E,L) by <F(x)(e) := (e,x„(e), a), for 
all X G Cc{E, N, S) and for all e G Na- It is straightforward to check that <h preserves 
Co(-E'°)-valned inner prodncts and modnle actions. So there exists a nniqne extension of $ 
to X{E, N, S) which preserves C'o(F^°)-valned inner prodncts and modnle actions. We still 
denote the extension by <F. Fix oq G A, and hx x G Cc{E, L) snch that snpp([x|x]) C Na^- 
By a partition of nnity argnment, it is snfhcient to show that x is in the image of <h. Let 
/ be the composition of x\n^^ and the projection from Na^ x C x {ao} onto C. Then 
/ G Co{Nao)- As in [2T1 Page 5], there exists (xq,) G Cc{E, N, S), snch that 

, ^ ^ J s«ao(e)/(e) if e G Naao 

ifeGiW\iW;;. 

It is straightforward to check that ‘F(xa) = x and we are done. □ 

Proposition 2.3. Let E be a topological graph, let N = {Ap,}QgA he an open cover of E^, 
and let S = {sag}a,g&h be a 1-cocycle relative to N. Let B := nQgA(Ap, x T)/(e,^, a) ~ 
(e, zSag (e), /5) be the corresponding principal circle bundle. Then X{E, N, S) and X(F^, B) 
are isomorphic as C*-correspondences over Cq{E^) . 

Proof. We denote the projection by p ; B —>■ E^. We dehne a map <F : C'c(i?,N, S) 
X{E,'B) by <F(x)(e, z, a) := zXa{e), for all x G Cc(i?,N, S) and for all {e,z,a) G B. It 
is straightforward to check that <h preserves C'o(i?°)-valned inner prodncts and modnle 
actions. So there exists a nniqne extension of $ to X(i?,N, S) which preserves Co{E^)- 
valned inner prodncts and module actions. Let <F also denote the extension. Fix oq ^ A 
and X G C®(B) with p(supp(x)) C By a partition of unity argument, it is sufficient 
to show that x is in the image of <F. Let / be the composition of the continuous local 
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section Sao ■ Nag —)• B satisfying that Sag(e) := (e, l,ao) and x. Then / G Cc{No,q). By 
the construction in m Page 5], there exists (?/„) G C'c(-E,N, S), such that 

, ^ Jsaao(e)/(e) if e G iV«„o 

ifeGiV;\iV^. 

It is straightforward to check that ^{Va) = x and we are done. □ 

Remark 2.4. In [21], X{E, N, S) is called the twisted graph correspondence and the Cuntz- 
Pimsner algebra 0{E, N, S) is called the twisted topological graph algebra. By Proposi¬ 
tions 12.2112.31 any form of X(i?, N, S), XL), B) can be used as the dehnition of 
the twisted graph correspondence, and any form of 0{E, N, S), 0{E, L), 0{E, B) can be 
used as the dehnition of the twisted topological graph algebra. 

In this paper, we call X{E,'B) the twisted graph correspondence associated to E and 
B, and we call 0{E, B) the twisted topological graph algebra. 

3. Twisted Topological Graph Algebras 

In this section, we recap the terminology of topological graphs from [S] and recall some 
fundamental results about twisted topological graph algebras from IZU- 

Let A be a topological graph. A subset U of E^ is called an s-section if s|i 7 : U —>■ s{U) 
is a homeomorphism with respect to the subspace topologies. Dehne E^^ to be the subset 
of all V E E^ which has an open neighborhood N such that r~^{N) is compact; dehne 
:= E^ \ r(A^); dehne := E^^ \ and dehne E^^ := E^ \ 

The sets A°g are all open, and the set E^^ is closed. 

Denote by := id, := id, and dehne a topological graph Eq := r°,s°). 

Denote by r^ := r, := s, Ei := (A°, E^, r^, s^) = E. 

For n > 2, dehne 

n 

:= |/i = (/ii, ... ,/in) G ]^FA s(/ii) = r(/ij+i),i = 1,.. . ,n - l| 

i=l 

endowed with the subspace topology of the product space nr= E^. Dehne r^ : E"^ ^ F° 
by r"(/i) := r(/ii), which is a continuous map. Dehne s"' : E^ F° by s"'(/i) := s{p,n), 
which is a local homeomorphism. Dehne a topological graph En '■= (F°, r"^, s"). 

Dehne the finite-path space E* := Y^^qE'^ with the disjoint union topology. Dehne a 
continuous map r : F* —)■ F° by r(/i) ;= r’^(/i) if /i G F”, dehne a local homeomorphism s : 
E^ —)■ F° by s(/i) := s”(/i) if /i G F”, and dehne a topological graph F* := (F°, F*, r, s). 
Dehne the infinite path space 

OO 

F°° := |/i G JJfA s(/ii) = r(/ii+i),z = 1,2,... |. 

i=l 

Dehne the range map r : F°° —)■ F° by r(/i) := r(/ii). 

Denote the length of a path /i G F* II E°° by |/i|. 

In discussing Cuntz-Pimsner algebras associated with correspondences we follow the 
conventions of [I3| and m Chapter 8]. 

Notation 3.1. Let F be a topological graph and let p : B —)■ F^ be a principal circle 
bundle. Let : Cq{E^) F(A(F,B)) denote the homomorphism determined by the left 
action. Dehne Jx{e,b) ■= {/ £ Go(F°) : / G 0“^(/C(A(F, B))) fl (ker^)-*-}, which is a 
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closed two-sided ideal of Cq{E^). A pair (-0, vr) consisting of a linear map -0 : X{E, B) —)■ i? 
and a homomorphism tt : Co{E^) —)■ B dehnes a (Toeplitz) representation of X{E, B) into 
a C'*-algebra B if 

V’(/ • x) = 7r(/)i/>(x) and V>(a;)*'0(l/) = 7r((a;, y)co{EO)) 

for all x,y E A(i?,B),/ G Co(-E°). In this case there exists a nniqne homomorphism 
: }C{X{E, B)) —>■ B snch that = '4’{x)'4){y)*. We say that (V’, tt) is covariant 

if 7r(/) = '0*'^H0(/)) for all / ^ A>c(e,b)- The representation (-0, tt) is said to be universal 
covariant if for any covariant representation tt') of X{E, B) into a C'*-algebra C, there 
exists a nniqne homomorphism h ■. B ^ C snch that ho'ijj = 'ip'^ hon = vr'. The C'*-algebra 
generated by the images of a nniversal covariant representation of X(T^,B) is called the 
Cuntz-Pimsner algebra associated to E, B; it is denoted by 0{E, B). 

Proposition 3.2 ( |211 Proposition 3.10]). Let E be a topological graph and let p : B ^ E^ 
be a principal circle bundle. Fix a nonnegative f G Cc{E^^), a finite cover {W}r=i o/ 
r“^(snpp(/)) by precompact open s-sections with local sections {ipi : Ni -E and 

a finite collection {hi}p^.^ C [0,1]) satisfying snpp(hj) C W and — f 

on r“^(snpp(/)). For i, for b G p~^{Ni), define Xi G Cl{p~^{Ni)) by xfib) := h/{ipi o 
° Pi^)f ° ^ ° p{b). Then 

n 

i=l 

Finally, we recall some operations on a principal circle bnndle from m. LetT,Ti,T2 
be locally compact Hansdorff spaces and let p : B —)■ T, pj : Bj —)■ Tj, i = 1, 2 be principal 
circle bnndles. For b,b' in the same hbre of B, there exists a nniqne b/b' G T snch that 
b = {b/b') ■ b'. There exists a conjngate principal circle bnndle B over T together with a 
homeomorphism B —)■ B by sending b to b, snch that z -b = z ■ b for all z G T, 6 G B. 
Dehne a principal circle bnndle over Ti x Ta by 

Bi X Ba := (Bi x Ba)/{(^ • b, b') ^{b,z-b'):bE Bi, b' G Ba, ^ G T}. 

Indnctively, for n > 1, we obtain a principal circle bnndle B*” over YYi=i^- Notice that 
the restriction bnndle of BxB to T is isomorphic to the prodnct bnndle T x T by sending 
(6, b') to {b/b',p{b)). 


4. Boundary Paths 

Yeend in [33l [M] gave a notion of bonndary paths for topological /c-graphs which inclnde 
topological graphs. Webster in |32] provided an alternative approach to dehne bonndary 
paths of a directed graph. In this section we give a dehnition of bonndary paths of a 
topological graph which is a generalization of Webster’s dehnition, and we will prove that 
onr dehnition of bonndary paths of a topological graph coincides with Yeend’s. 

Definition 4.1. Let be a topological graph. Dehne the set of boundary paths to be 

dE := E^U{piEE* ■. s{y) G 

Definition 4.2 ([331 Dehnitions 4.1, 4.2], [311 Page 236]). Let E he a topological graph 
and let V C Efi A set U C r-\V){c E*) is said to be exhaustive for V if for any 
A G r~^{V) there exists a E U snch that X = afi or a = \(3. 
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An infinite path /i G is called a boundary path in the sense of Yeend if for any m > 0, 
for any compact set K G E* such that r{K) is a neighborhood of r(/im+i) and K is ex¬ 
haustive for r{K), there exists at least one path in the set {r(/im+i), /Wm+i/^m- 1 - 2 , • • • } 

lying in K. 

A hnite path fi & E* is called a boundary path in the sense of Yeend if for any 
0 < m < IpI, for any compact set K G E* such that r{K) is a neighborhood of 
r{p,m+i) and K is exhaustive for r{K) if m < |/i|, or that r{K) is a neighborhood of 
s(p) and K is exhaustive for r{K) if m = |/i|, there exists at least one path in the set 
{r(/im+i),hm+i, ■ ■ ■, yUm+i • ■■ h-\ii\] lying in A' if 0 < m < |/i| or s(p) e K if m = |/i|. 
Denote by dyE the set of all boundary paths in the sense of Yeend. 

Remark 4.3. We explain Dehnition 14.21 in a more elementary way. Let A be a topological 
graph and let p G A* 11 E°°. 

Let /i G E°°. Then /i G if and only if for m > 0, and for a compact subset K G E* 
satisfying both of the following conditions 

(1) r{K) is a neighborhood of r(pm+i), 

(2) for X E E* with r(A) G r{K) there exists a E K such that X = a(3 or a = X(3, 
there exists at least one path in the set {r{yirn+i), Rm+i, Rm+iRm+ 2 , • • • } lying in K. 

Let E E*. Then fi E dyE if and only if for 0 < m < |p|, for a compact subset K G E* 
satisfying both of the following conditions 

(3) r{K) is a neighborhood of r(/rm+i) if m < |/i|, or is a neighborhood of s(/r) if 
m = |/i|, 

(4) for X E E* with r(A) G r{K) there exists a E K such that X = afd or a = X/3, 
there exists at least one path in the set {r{firn+i), Rm+i, ■ ■ ■, Rm+i ■ ■' Rm} lying in K if 
0 < m < |/i|, and s(/r) E K if m = |/r|. 

Lemma 4.4. Let E be a topological graph. Fix /i G E°°. Then pi E dyE. 

Proof. Fix m > 0, and £x a compact subset K G E* satisfying Conditions (|T |) . ()2 |) of 
Remark 14.31 Suppose that r(/im+i), Pm+i, hm+ihm+ 2 , • • • ^ K, for a contradiction. By 
Condition of Remark 14.31 r(/im+i) G r{K). For n > 1, we have r(/im+i ■ ■ ■ Rm+n) = 
r(/rm+i) £ r{K). By Condition ([2]) of Remark 14.31 and by the assumption, there exists G 
E* \ E^ such that r{(3^) = s(p,m+n) and a” := pm+i • ■ ■ Rm+nfd'^ G K. Thus we obtain a 
sequence of hnite paths contained in K whose lengths are not bounded. However, 

the length of paths in K is bounded since K is compact in E*. So we get a contradiction. 
Hence there exists at least one path in the set {^(/rm+i), hm +15 hm+ihm+ 2 , • • •} lying in 
K. Therefore p. E dyE. □ 

Lemma 4.5. Let E be a topological graph. Fix p E E*. Then p E dE if and only if 
p G dyE. 

Proof. First of all, suppose that p E dE. Then s{p) E E^^. We split into two cases. 

Fix 0 < m < Ip I, and £x a compact subset K G E* satisfying Conditions (jSj), (jl]) 
of Remark 14.31 Suppose that r{pm+i), Pm+i, ■ ■ ■, Pm+i ■ ■ ■ P\ij,\ ^ K, for a contradiction. 
There exist an open sl^l^^-section N of Pm+i • • ■ T\^J,\ and an open neighborhood U of s{p) 
such that 

• C r{K)] 

• for A G Y, we have r(A), A^+i, • • •, A^+i • ■ ■ A|^| ^ K; and 

• U G s{N). 
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Case 1: s(/i) ^ By Condition (jl]) of Remark 14.31 for any net {ea)aeA C r~^{U), 
there exist a net (A“)agA C N and a net {/3‘^)a£A C E*, such that is a path for 

a ^ A, and {\°‘ea(3°')aeA ^ K. So there exists a convergent subnet of the net (ea)agA 
because K is compact. Since (ea)aGA is arbitrary, r~^{U) is compact. On the other hand, 
since s(/x) ^ E^^, r~^{U) is then not compact. Hence we deduce a contradiction. Therefore 
there exists at least one path in the set {r(/im+i), p-m+i, • • • ,/^m+i • • 'hlAti} lying in K. 

Case 2: s(/i) & E^\ r{E^). Since s{N) is an open neighborhood of s(/i), there exists 
V G s{N) \ r{E^). Then there exists A G iV such that s(A) = v. So r(A), A^+i, ■ ■ ■, and 
Am+i • • • A|^l ^ K. However, since v ^ r{E^), there exists at least one path in the set 
{r(/im+i), hm+i, ■ ■ ■ 5 hm+i • ■ ■ h|/i|} lying in K, which is a contradiction. Hence there exists 
at least one path in the set {r(/im+i), /i^+i,..., ■ ■ ■ /r|^|} lying in K. 

Now £x m = \fi\, and £x a compact subset K <Z E* satisfying Conditions ([3]), ([1]) of 
Remark 14.31 Similar arguments as above yield that s(/i) G iC. So /i G dyE. 

Conversely, suppose that fi G dyE. Suppose that s(/i) G E^^, for a contradiction. By 
[HI Proposition 2.8], there exists a neighborhood N of s(p) such that r~^{N) is compact 
and r{r~^{N)) = N. Let m = |p| and let K = r~^{N). It is straightforward to check that 
K satishes Conditions ([3]), dl]) of Remark [4.31 By the assumption, we get s(p) G K, but 
this is impossible because K (Z E^. So we deduce a contradiction. Hence s(/i) G E^^ and 
fiedE. □ 

Proposition 4.6. Let E be a topological graph. Then dE = dyE. 

Proof. It follows immediately from Lemmas 14.4114.51 □ 

Let be a topological graph and let p, ^ E* U E°°. From now on, whenever we say 
/I is a boundary path we mean that /i is a boundary path in the sense of Dehnition 14.11 
unless specihed otherwise. 

Since the product topology on E°° may not be locally compact in general it is not 
obvious how to endow the boundary path space dE with a locally compact Hausdorff 
topology. In [331 131] Yeend dehned such a topology on the boundary path space of a 
topological higher rank graph. So using the identihcation of Proposition 14.61 we can 
endow the boundary path space dE with the locally compact Hausdorff topology used by 
Yeend. 

The following dehnition is a slight modihcation of [331 Proposition 3.6] for topological 
graphs. 

Definition 4.7. Let be a topological graph. For a subset S C E*, denote by Z{S) : = 
{/i G dE : either r(p) G S, or there exists 1 < ^ < \p\, such that pi - ■ ■ pi G S}. We 
endow dE with the topology generated by the basic open sets Z{U) fl Z{Ky, where U is 
an open set of E* and iP is a compact set of E*. 

It follows now using the identihcation of dyE with dE above that dE is a locally 
compact Hausdorh space. One verihes that E^^ is a closed subset of dE; that Z{U) is 
open for every open subset U C E*; and that Z\K) is compact for every compact subset 
K C E*. 

Lemma 4.8. Let E he a topological graph. Fix a sequence C dE, and fix 

p G dE. Then p^^'> -A- p if and only if 
(1) r^p^^y -A- r{p); 
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(2) for 1 < i < \ix\ with i ^ oo, there exists N > 1 such that > i whenever 
n> N and ■ ■ ■ tif'')n>N 

(3) if |/i| < oo, then for any compact set K C , the set {n : > |/u| and 

^ K} is finite. 

Proof. Suppose that —)■ fi. Conditions (II])-(I2]) are straightforward to verify. Suppose 

that |/i| < oo. We may assume that \fi\ > 1. Fix a compact set K C E^. Take a 
precompact neighborhood f/ of /i in Then /i G Z{U) fl Z{{U x K) O Since 

/i, there exists iV > 1 such that G Z{U) fl Z({U x K) D whenever 

n> N. So the set {n : > |/i| and ^ K} is hnite. 

Conversely, suppose that Conditions dT])-® hold. Fix an open neighborhood Z{U) fl 
Z{KY of fi. 

Case 1: |/i| = oo. It is straightforward to check that there exists iV > 1 such that 
G Z{U) whenever n > N. Since p G Z(KY, we have r(/i), pi, pi/i 2 , • • • ^ K. 
Conditions (jT]), ([2]) imply that there exists N' > N such that G Z{KY- So —)■ /i. 

Case 2: |/x| < oo. We may assume that |/i| > 1. It is straightforward to check that 
there exists iV > 1 such that G Z{U) whenever n > N. Suppose 

that K n = 0. Then Conditions ([I]), ([2]) imply that there exists N' > N 

such that pY^'^ G Z{KY whenever n > N'. Suppose that K fl Y 0. Then 

the set K' := {n\^\+i : p G iF fl is a compact set of E^. Since the set 

{n : > IpI and G K'} is finite by Condition [3|, we deduce that there exists 

N” > N such that G Z{KY whenever n > N". □ 

It follows from Lemma |4]8] and [33l Proposition 3.12] that the topology on the boundary 
path space given in Definition 14.71 agrees with the topology on the boundary path space 
given in [33l Proposition 3.6]. 


5. Factor Maps 

In this section, we recall the notion of factor maps between topological graphs intro¬ 
duced by Katsura in (Qj Section 2]. Our definition of factor maps is a special case of 
Katsura’s (see Remark [52]) • 

Definition 5.1. Let E = {E^, E^^rE, se ), E = (F°, ri?, Si?) be topological graphs 
and let imP : E^ —)■ E^,m^ : E^ ^ E^ be proper continuous maps. Then the pair 
m := {nY, m^) is called a factor map from F to F if 

(1) Ve o = mP o ve, Se ° o and 

(2) for e G E^,u G F°, if SeY) = m^{u), then there exists a unique / G F^, such that 
m^if) = e,SF{f) = u. 

Moreover, the factor map is called regular if m^{E^Y C F^g. 

Remark 5.2. By [9] Lemma 2.7], we are able to give some equivalent conditions under 
which factor maps are regular. The factor map is regular if and only if (m‘^)“^(Fj?g) C Ef'^ 
if and only if for any u E E'^ with mP{u) G Fj?g, we have rfY{u) Y 0. 
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Remark 5.3. Our definition of factor maps is indeed a special case of the one defined by 
Katsura in [9]. In our case, we can extend tuP continuously to the one-point compactih- 
cation of by sending oo to cxo, and extend m} in the same way. Then we get a factor 
map in the sense of [9l Dehnitions 2.1, 2.6]. 

The proofs of the following two propositions are similar to [HI Propositions 2.9, 2.10]. 
Consequently we just state these results without proofs. 

Proposition 5.4. Let E = {E^,E^,rE,SE),F = (F°, r^, s^) be topological graphs, 

let m := be a regular factor map from F to E, and let pe '■ ^ E^ be a 

principal circle bundle over E^. Denote by pe '■ ^ F^ the principal circle bundle 

which is the pullback of 'Be by . Denote by m\ : X(F, B^) —)■ X{F,Be) the induced 
linear map from , and denote by : C'o(F°) C'o(F°) the induced homomorphism 

from m°. Let {jx,E,jA,E) be the universal covariant representation of X{E, Be) into 
0{E,Be), and let {jx,F,jA,F) be the universal covariant representation of X{F,Be) into 
0{F,Be). Then {jx,F °'aa\,jA,F ° Ln°) is a covariant representation of X{E, Be) into 
0{F,Be). Hence there exists a unigue homomorphism h : 0{E,Be) 0{F,Be) such 

that h o jx^E = jx,F °fnl,ho Ja^e = jA,F ° Moreover, h is injective if and only if 
is surjective. 

Proposition 5.5. Let E = {E\ E\ VE, se),F= (F^, F^, ve, se),G = G\ r^ sg) be 
topological graphs, let m = (m°, m^) be a regular factor map from F to E, let n = (n°, n^) 
be a regular factor map from G to F, and let pe '■ Be ^ E^ be a principal circle bundle. 
Denote by pf : Bj? —>■ F^ the principal circle bundle which is the pullback of Be by mi, 
and denote by pc ■ B^ G^ the principal circle bundle which is the pullback of Be by 
mi o m. We have the following. 

(1) mo n := (m° o n°, m^ o W) is a regular factor map from G to E. 

(2) Let hi : 0{E,Be) ^ 0{F,Bf) be the homomorphism induced from the regular 
factor map m, let h 2 : 0{F, Bi?) —)■ 0{G, Bg) be the homomorphism induced from 
n, and let h^ : 0{E, Bg) — 0{G, Bg) be the homomorphism induced from mo n. 
Then h^ = h 2 o hi. 


6. Twisted Groupoid G*-algebras 

In this section, we deal with groupoids and groupoid G*-algebras (see m- 
From now on we assume that all the topological spaces are second countable; and 
that all the locally compact groupoids are second-countable locally compact Hausdorff 
groupoids. A locally compact groupoid is said to be etale if its range map is a local 
homeomorphism. 

Definition 6.1 1 [TTl Remark 2.9]). Let T be an etale groupoid, and let A be a locally 
compact groupoid. Suppose that T and A have a common unit space T®. We call A a 
topological twist over T if there is a sequence of groupoid homomorphisms 

T X r° 4 A A T 

such that 

(1) i is a homeomorphism onto 

(2) p is a continuous open surjection and admits continuous local sections; and 

(3) Ai( 2 :, s(A))A“^ = i{z,r{X)), for all z G T, and all A G A. 
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By m Remark 2.9], we are able to define a free and proper circle action on A by 
z • A := i{z,r{X))X. The quotient space A/T is homeomorphic to T via the identification 
map [A] HA p(A). Since p admits continuous local sections, p : A —)■ T can be regarded as 
a principal circle bundle. For u G r°, we have r~^{u) is a discrete subset of F because 
r : F —)■ F° is a local homeomorphism. Since p : A ^ F is a principal circle bundle and 
since r~^{u) = we get r~^{u) is a disjoint union of circles. So there is a 

natural measure on r~^{u) and A has a left Haar system {p“}„gro (see [HJ Page 252]). 

Definition 6.2. [TH Page 252] Let P be an etale groupoid and fix a topological twist 
over P 

T X P° 4 A A P. 

The closure of {/ G Cc(A) : f{z ■ A) = zf{X) for all G T} under the (P^-norm of the 
groupoid C'*-algebra C*(A) is called the twisted groupoid C*-algebra and is denoted by 
C*(P,A). 

The convolution product (see m Page 48]) of C'*(P,A) is given as follows. For /, p G 
{/ G C'c(A) : f{z ■ A) = zf{X) for all 2 ; G T}, we have 

/»9(A)=/ /(AA')<,(A'-')dfi-W(A') 

AA'Gr-l(s(A)) 

= E / fWgiZ-^) 

7gr-l(s(A)) 

note that /(AA')p(A'“^) is constant on each fibre p“^( 7 ) and so 


= E /(W)9(y‘)- 

7Gr“l(s(A)) 

where 7 ha A..,, is any section of p. 


Remark 6.3. It follows from |11|28] that there is an injective homomorphism tt : Co(F°) —)■ 
C*(F,A) such that for h G Cc(F°), 7 r(h) = h, where 


h{X) := 



if (x, f) G T X F°, A = i{z, f); 
if A ^p-^F^). 


Now we start to look at the groupoid induced from a singly generated dynamical system 
(see Page 2) and investigate its topological twists. 


Definition 6.4 f |29l Definition 2.4]). Let T be a locally compact Hausdorff space and 
let a : dom((T) —)■ ran(cr) be a partial local homeomorphism (see Page 2). Define the 
Renault-Deaconu groupoid P(T, a) as follows: 

P(T, a) := {(fi, fci — A: 2 , ^ 2 ) G F X Z X T : ki,k2> 0, ti G dom(cr^^), 

t2 G dom(42), 4i(fi) = 4^(f2)}- 

Define the unit space P° := {(t,0,f) : t G T}. For (ti, n, ^ 2 ), (^ 2 , iR, ^ 3 ) G F(T, cr), define 
the multiplication, the inverse, the source and the range map by 

(ti, n, t 2 ){t 2 , m, ts) := (fi, n + m, t^); (fi, n, ^ 2 )"^ := {h, -n, h); 

r{ti,n,t2) ■= (ti,0,fi); s{ti,n,t2) ■= {t2,0,t2)- 
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Define the topology on T(T, a) to be generated by the basic open set 

U{U,V,h,k 2 ) := {{tuh - k 2 ,h) ■.heu,he V,a^^{h) = 

where U C dom{a^^),V C doni((T^2) are open in T,a^^ is injective on U, and is 
injective on V. For ki, ^2 > 0, dehne an open subset of r(T, a) by 

^kiM ■= {ih,ki - k2,t2) : h G doni((T*'i), ta e doni((T*^=), = a^^{t2)}. 

The Renault-Deaconu groupoid r(T, a) is an etale groupoid. 

We give the characterization of convergent nets in r(T, a). Fix ((^ 1 , 0 , 110 ,, t 2 ,a))aeA in 
F(T, cr), and £x (fi, 11 ,^ 2 ) £ r(T, a). Find ki,k 2 > 0 such that 

(1) n = ki — k 2 jti G dom(cr^i),f 2 ^ dom{a^^), = cr^^(t 2 ); and that 

(2) if there exist ^ 0 satisfying that k[ < ki,k 2 < k 2 ,n = k[ — cr^i(ti) = 

(T*' 2 (f 2 ), then we have fcj = fci, = ^ 2 - 

we have (ti,o, Uq, —t (ti, 11 ,^ 2 ) if and only if ti^a —t fi,f 2 ,a —t fa, and there ex¬ 

ists ao G A such that whenever a > Oq, we have Ua = n,ti,a ^ doni(cr^i),fa.a G 
doni((T*^2),(T*'l(fi,«) = a^"(f2,a)- 

Lemma 6.5. Let Z be a locally compact Hausdorff space, let {Zn}n>i be a countable open 
cover of Z, and let {pn ■ B„ —)■ Z„} be a family of principal circle bundles. Suppose 
that for n,m> 1, there exists a homeomorphism hn,m '■ Pn^{Zn H Zm) —t Vfrii.Zn H Zm) 
such that Pn, O hn,m = Pn, hn,m{z ■ b) = z ■ hn,ni{b) for all z ^ T,b e p~^{Zn n Zm), and 
hm,i o hn,m = hn,i on p~^{Zn H Zm A Zi). Define 

B := II„>iB„/{(6,n) ~ {hn,m{h),m) : b G p~^{Zn fl Zm)} 

endowed with the quotient topology. For N > 1, for a sequence C B, and for 

{b, N) E 'B, we have {pi, N) —)■ (p, N) in B if and only if b, ^ b in Bjsf. Moreover, B is a 
(second-countable) principal circle bundle over Z. 

Proof. It is straightforward to verify. □ 

Next we generalize [H Theorem 3.1] so that it applies to partial local homeomorphisms 
and not just local homeomorphisms. The proof is similar. 

Theorem 6.6. Let T be a locally compact Hausdorff space, let a : dom(cT) —?■ ran^a) 
be a partial local homeomorphism, and let p : B ^ dom((T) be a principal circle bundle. 
Denote by j : dom((T) —)■ F(T, a) the embedding such that j{t) = {t,l,a{t)). Then there 

exists a topological twist T x F° A A ^ r(T, a), such that the pullback bundle j*{A) of A 
by j is isomorphic to B. 

Proof. For ki, k 2 > 1, we have a principal circle bundle B*^i xB*^^ over (nfi. dom((r)) X 
Denote by -t dlili ‘iom(fr)) x (n^li ‘iom(fr)) the embed- 

ding 

i{ti, ki - k2, fa) := Pi, o'(fi),..., Ai"^(fi), fa, ^(fa),..., ^"“^(fa))- 

Denote by Pki,k 2 '■ f^fci,fc 2 the pullback bundle of B**^i x B^^^ by ik^M- 

For k>l, there are embeddings ikp : F^ q —f ni=i dom(cT), io,fe : To^a: —f 114=1 dom(cr), 
and similarly we get principal circle bundles over F^^o nnd Aq^a, over Fq^a:- 

Moreover, we may identify Fo,o with T via the homeomorphism io,o • ro,o T. Denote 
by Ao,o the trivial principal circle bundle T x T over T. 
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For ki,k 2 > 1, define h(k^^k 2 ),(kiM) ■= id- 

For 1 < fci < /i, 1 < ^2 < ^2 with ki — k 2 = h — h, define 

h{h,l2),iki,k2) ■ Ph^,l20^kl,k2 FI F/i^zJ -)■ Pklk2(^kuk2 F 

as follows. For ( 6 i ,... ,bi^,b[,..., b[^) e pT^]i^{T k^^k 2 F define 

hiuhUkiM)iK • • •, &i, • • •, b'l^) ■■ = {K+ilb'k2+i) ■ ■ ■ iK/b' 12 ) 

{bi,...,bk„b[,...,b'^J. 

It is routine to show that h{ii,i 2 ),{ki,k 2 ) ^ homeomorphism; its inverse is given by 

^{ki,k2),{h,l2) (^1) ■ ■ ■ 5 ^fci 5 • • • 5 ^k2^ {bi, , bki , Cl, . . . , Cj, 6]^, . . . , 6^^, Cl, . . . , Cj) 

where j := h — ki = I 2 — ^ 2 ; note that the formula does not depend on the choice of the c*. 
The formulas above give homeomorphisms for all ki, ^ 2 , h, ^2 > 0 with ki — k 2 = h — h- 
It is straightforward to check that for fci, ^ 2 , ^ 1 , ^ 2 , lui, m 2 > 0 with ki — k 2 = h — 
I 2 mi rn. 2 ) we have bi{k\,k 2 ),{ 11 , 12 ) Pki,k 2 i &Bd ; 2 ),(mi,m 2 ) bi{ki,k 2 ),{ii,i 2 ) 

h(ki,k 2 ),{nii,m 2 ) on Pklk 2 i^ki,k 2 '^^h,i 2 ^^mi,m 2 )- By LemmaESl we may construct a locally 
compact Hausdorff space for n G Z by 

An := ^ki,k2/ ~ 

kl,k2>0 
ki —k2=n 

where A ~ h(^ki,k 2 ),(h,i 2 )W for all A G Pklk 2 (^ki,k 2 For ki,k 2 ,h,l 2 > 0, if 

ki — k 2 ^ h — hi then F = 0- Observe that A := Ungz^n is a locally compact 

Hausdorff space which we may view as a circle bundle over F(T, a) with bundle map 
p' : A —)■ F(T, a) dehned in the obvious way (pX[A]) = Pki,k 2 W where A G 

Now we endow A with a groupoid structure. We dehne the range and source maps 
r, s : A —)■ F° r(A) = rA(A) = r(p'(A)) and s(A) = sa(A) = s(p'(A)) for A G A. 
Now let Ai,A 2 G a such that s(Ai) = 'r(A 2 ). Then there exist ki > 1, for i = 1,2,3, 
{bi,... ,bki,b[,... ,b'j^J G Afcj,fc 2 and ( 6 ",..., 6 '^, 6 '/',. • •, ^ such that Ai = 

and A 2 = ... Ai',, 6'",..., 6^')] and p(6;) =p(b'{). Define 

A 1 A 2 = l(6i,..., , y,..., 6i;)| . lA" ..., t'4,If,..., 6^)1 

Ki-'i'M) ■ ■ • KMh, . .IS)1; 

and 

( 61 ,..., 6 'i,..., := ( 6 'i,..., 6 ^ 2 , 61 ,..., 6 fci). 

It is straightforward to check that A is a locally compact groupoid under these two oper¬ 
ations with the unit space A° which is homeomorphic to F°. 

Dehne i : F° X T —)■ A to be the embedding such that its image is Ao,o- Dehne 
p' : A —)■ F(T, cr) in the obvious way. Then Conditions ([I])-© of Dehnition 16.II follow. 
The rest of the proof is straightforward. □ 

By arguing along the lines of Theorem 3.1] it can be shown that the topological 
twist A in the above theorem is unique. 

The following theorem is a generalization of [H Theorem 3.3]. In particular, we consider 
partial local homeomorphisms instead of local homeomorphisms. 
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Theorem 6.7. Let T be a locally compact Hausdorff space and let a : dom(cT) —?• ran((T) 
be a partial local homeomorphism. Define a topological graph E := (T, dom((T), id, a). Fix 
a topological twist 

T X r° A A A r(T,cT). 

Denote B := j*(A). Then the twisted topological graph algebra is isomorphic to 

the twisted groupoid C*-algebra C*(r(T, a), A). 

Proof. Denote Q : T x —)■ T the natural projection. We may identify B = j*{A) with 
(p')“^(j(domcr)) which is a clopen subset of A. Let x be an equivariant complex-valued 
continuous function with compact support on B; then using the above identihcation and 
extending by zero yields an equivariant complex-valued continuous function with compact 
support on A which we denote by 'ip{x). It is straightforward to check that this yields 
a linear map fi. Let vr : C'o(T) —)■ C'*(r(T, cr), A) be the injective homomorphism as 
described in Remark 16.31 

Fix two equivariant complex-valued continuous function with compact support x,y on 
B, £x h G C'c(T), and fix A G A. Let A G B and write p{X) = {t, 1, o'{t)). Then 

7r{h) * 'ijj{x){X) = 7i{h){XX~^)'ijj{x){X) 

= Q o i~^(XX~^)h(p(XX~^))x(X) 

= fiih ■ a;)(A). 

So fi{h-x) = 7r(h) *fi{x). Now let A G p“^(To,o) and write p{X) = (f, 0, t). By Condition[T] 
of Definition 16.11 A = i{z, t). As in the convolution formula following Definition 16.11 where 
(e, 1, cr(e)) i—)■ Ag is a section of p over the image of j we compute 

fj{xy *ij{y){X) = x{XeX-yy{Xe) 

cr(e)=t 

= Y • •^e)l/(Ae) 

a{e)=t 

= z{x,y)co{T){t) 

= 7r(A,|/)co(T))(A). 

So fi^x)* * fi^y) = 7i{{x,y)co(T))- Hence is bounded with the unique extension to 
X{E, B^;), the twisted graph correspondence over C'o(T) obtained as the completion of the 
equivariant comp lex-valued continuous functions with compact support on B; moreover, 
(-0,71) is an injective representation of X{E,'Be) in C*(r(T, a). A). 

Now we prove that n) is covariant. By Definition 12.11 we have E^^ = ndom((j) . 
By P Lemma 1.22], E^^ = dom(cr). By |2ll Proposition 3.10], 

r'(/C(X(E,B))) n (ker0)^ = = C'o(dom(a)). 

Fix a nonnegative function / G C'c(dom(cr)) such that o'|supp(/) is injective and there is a 
continuous local section ip : supp(/) —)■ B. In order to prove that (V'jTt) is covariant, it 
is enough to show that = 7r(/). By [26l Lemma 4.63(c)], there exists a unique 

continuous map 

r ; {(A, A') G A X A : p(A) = p(A')} ^ T 
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such that r(A, A') • A = A'. Dehne a map x : B —)■ C by 


x(A):= 


0 , 


if A e p ^(supp(/)) 
otherwise. 


It is straightforward to check that x is an equivariant continuous function with compact 
support on B, and 0(/) = Qx,x- Fix A G p~^{Tqq) and write p(A) = G supp(/). 

Then 


'rp{x) * 'ip{x)*{X) = ip{x){W')ip{x){X'), where p(A') = (f, 1, 

= Q oi-^{X)f{p{X)) 

= 7i(/)(A). 

So (-0, tt) is covariant. 

The existence of a T-action f3 on C'*(r(T, n), A) such that f3z{n{f)) = 7r(/) and (]z{ijj{x)) 
= ztfj^x) for all 2 ; G T, / G Cq{T) and x E Lb follows by arguing as in |23 Proposi¬ 
tion II.5.1]. It is straightforward to show that the C*-algebra generated by the images of 
-0 and TT exhausts C'*(r(T, a), A). Therefore by the gauge-invariant uniqueness theorem 
(see [121 Theorem 6.4]), the twisted topological graph algebra (P(T^,B) is isomorphic to 
the twisted groupoid C*-algebra C*(r(T, cr), A). □ 


7. Twisted Groupoid Models for Twisted Topological Graph Algebras 


In this section, we prove our main theorem. 

Lemma 7.1. Let E be a topological graph. Denote by a : dE \ E^^ —)■ dE the one-sided 
shift map. Then a is a partial local homeomorphism on dE with dom((T) = dE \ E'f^. 

Proof. For p G dE \ E^^, take an open s-section U (see Page 5) containing pi. Then we 
have a(Z(U)) = Z{s{U)). It is straightforward to check that the restriction of a to Z{U) 
is a homeomorphism onto Z{s{U)) in the subspace topologies. □ 

By Lemma 17.11 we can dehne a new topological graph. 

Definition 7.2. Let A be a topological graph. Dehne a topological graph as follows. 

E = {E^,E\r,s) := {dE,dE \ E^,^, pa). 

Lemma 7.3. Let E be a topological graph. Then the range map r : dE -E- E^ is a proper 
continuous surjection. Define a projection map Q : dE \ E^^ —)■ E^ by Q{p) := pi. Then 
Q is also a proper continuous surjection. 

Proof. First, we prove that r is a proper continuous surjection. By Condition ([T]) of 
Lemma [4.81 r is continuous. By [101 Lemma 1.4], r is surjective. For any compact subset 
K C 77°, we have r~^{K) is compact because r~^{K) = Z{K) (note Z{K) is compact by 
[331 Proposition 3.15]). So r is proper. 

Now we prove that Q is a proper continuous surjection. By Condition ([2]) of Lemma IT 8 l 
Q is continuous. By [TOl Lemma 1.4], Q is surjective. For any compact subset K G E^, 
we have Q~^{K) is compact because Q~^{K) = Z{K). So Q is proper. □ 

Let A be a topological graph and let p ; B —)■ be a principal circle bundle. We get 
a principal circle bundle Q*{p) : Q*(B) —)■ dE \ E^^ which is the pullback bundle of B by 

Q. Then there is a linear map Q* : X{E,B) X{E,Q*{'B)) obtained as the extension 
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of the natural map Q* : —)• C®((5*(B)) induced by Q and a homomorphism : 

Cq{E^) Cq^OE) induced from r. Let be the universal covariant representation 

of X{E,B) in 0{E,B), and let Uxe^Jae) universal covariant representation of 

X{E,Q*{B))inO{E,Q*{B)). 

We next apply Proposition l5.4l to obtain a homomorphism h : 0{E, B) —)■ 0{E, Q*(B)). 

Lemma 7.4. With notation as above the pair (r, Q) defines a regular factor map from 
E to E. And the pair {Jxe ° Q*)jAE ° ® covariant representation of X{E,B) in 

0{E,Q*(B)). Hence there is a unique homomorphism h : 0{E,B) -A- 0{E,Q*iB)) such 
that ho jx = ix E° Q* ho Ja = e ° Moreover, h is injective. 

Proof. By Lemma [7.31 (r, Q) dehnes a factor map from E to E. Note that 

= dom a = E^ = dE\ 

and so E'^^ = E^^. Hence, r[E^^ = E^^ and so (r, Q) is regular. Therefore by Propo¬ 
sition 15.41 the pair {Jxe ° Q*ijAE ° ’"*) ^ covariant representation of X{E,B) in 

0{E,Q*{B)) and there exists a unique map h : 0{E,B) -A- 0{E,Q*{B)) with the pre¬ 
scribed properties. Since r and Q are both surjective, the injectivity of h follows by the 
same result. □ 

The following theorem is inspired by m Proposition 5.5]. 

Theorem 7.5. The map h : 0{E, B) -A- 0{E,Q*{B)) above is an isomorphism. 

Proof. Since h is injective by Lemma 17.41 we need only show that h is surjective. It is 
sufficient to prove that the image of h contains the images of fxp 

Firstly we show that the image of h contains the image of e- By the Stone-Weierstrass 
Theorem, we only need to prove that for each /i G dE there exists / G CfidE) satisfying 
/(p) 7 ^ 0 and pif) ^ h{0{E, B)), and that the image of h separates points of dE. 

Fix pi G dE. By the Urysohn’s Lemma, there exists / G Cq{E^) such that f{r{pi)) = 1. 
Then jAfi°rfif) = ho j^(/) G h{0{E,B)), and r*(/)(/i) = /(r(p)) = 1. 

Now we prove that h separates points of dE. Fix distinct p, G dE. 

Case 1. r(u) 7 ^ r(z/). Take an arbitrary f G Cq(E^) such that firiu)) 7 ^ f(r(z/)). Then 
jA,E°^*if) = hojAif) G h{0{E,B)), and rfif){p,) ^rfif){iy). 

Case 2. /i G E^^,^ ^ E^^, and r(z/) = pi. Take a precompact open s-section U of ui 
which admits a local section ip : U ^ B. Take an arbitrary x G Cl{p~^{U)) such that 
X does not vanish on the hbre p~^{i/i). Dehne / : Q~^{U) —)■ C by /(a) := |x o ip^ai)]"^. 
Then / G CfiQ-\U)). So 

hojx{x){hojx{x)y = Jx^E ° Q*i^)ijx,E ° Q*ix)y 

~ d X 

= JApif) (By the covariance of {ixpHAp))- 
Notice that /(/i) = 0 and /(z/) 7 ^ 0. 

Case 3. r(/i) = r(z/),p, z/ ^ E^^, pi 7 ^ Ui. Take a precompact open s-section U of ui 
which does not contains pi and admits a local section 93 : f/ —)■ B. Take an arbitrary 
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X G C^{p~^{U)) such that x does not vanish on the hbre Dehne / : Q~^{U) —)■ C 

by /(tt) := \x o Then / G Cc{Q~^{U)). Similar arguments from Case 2 gives 

jAsif) ^ h{0{E,'B)). Notice that f{fi) = 0 and f{u) ^ 0. 

Case 4. |/i| = n > 1, |z/| > n + 1, and fi = z/i ■ ■ ■ z/„. For 1 < i < n + 1. Take 

a precompact open s-section Ui of z/j which admits a local section ipi : Ui ^ B. Take 

an arbitrary Xi G C^{p~^{Ui)) such that Xi does not vanish on the hbre Dehne 

fi : Q~^{Ui) C by fi{a) := \xi o ipi{ai)\‘^. Then /* G Cc{Q~^{Ui)). So 

n+1 n+1 ^ n+1 n+1 ^ 

2=1 2 = 1 2=1 2 = 1 

= iA,E(/l ■ • • (/n O O 

Notice that /i ■ ■ • (/n o o o-”)(h) = 0 and /i ■ ■ ■ (/n o o o-*") (p) 7 ^ 0. 

Case 5. |/i|, |p| > n + l(n > 1), ■ ■ ■ /in = pi ■ ■ ■ ^n, and /in+i 7^ ^n+i- For 1 < f < n. 

Take a precompact open s-section Ui of Vi which admits a local section ^ B. Take 

an arbitrary Xi G such that Xi does not vanish on the hbre Dehne 

fi : Q~^{Ui) -)■ C by fi{a) := \xi o Lpi{ai)\^. Then fi G Cc{Q~^{Ui)). Take a precompact 

open s-section Un+i of Un+i which does not contain Pn+i and admits a local section 
^n+i ■ Cn +1 B. Take an arbitrary Xn+i G C^{p~^ {Un+i)) such that Xn+i does not vanish 
on the hbre p"^(z/„+i). Dehne /n+i : Q~^{Un+i) C by /n+i(a) := \xn+i o (pn+i{ai)\^. 
Then f^+i G Cc{Q~^{Un+i))- Similar arguments from Case 4 implies that 

n+1 n+1 

( n ^°jx{Xi)^ ( Yl ^°jx{Xi)^ = i^,s(/l • • • (/n O CT'^"^)(/n+l O 

2=1 2=1 

Notice that /i ■ ■ • (/n o cT'""^)(/n+i o o-”)(/i) = 0 and /i ■ ■ ■ (/n o o o-*") (z/) 0. 

Therefore we deduce that the image of h separates points of dE, and that the image of 
h contains the image of g. 

Now we show that the image of h contains the images of fxp- b’ix x G Cf{Q*ifB)). 
Take a hnite cover of {Q o (5*(P))(supp(a;)) by precompact open s-sections such 

that for each i there exists a local section ipi : Ui ^ B. Take a hnite collection C 

Cc{E^) such that supp(/ii) C Ui,Y^f^^hi = 1 on (Q o (5*(P))(supp(a;)). Since each 
{{QoQ*{P))*{hi))x G C^{Q*{B)) and ^'f=i{{QoQ*{P))*{hi))x = x, we may assume that 
(Qo(5*(P))(supp(a;)) is contained in a precompact open s-section U which admits a local 
section (p : U —)■ B. 

Take an arbitrary y G Cl{p~^{U)) such that y{h) = h/p{p{h)) for all b G p~^{{Q o 
Q*(P))(supp(a;))). Dehne / : r-^{s{U)) ^ C by /(/i) := x{p o o r(/i), (s|^^ o r{p))p). 
Then / G Cc(r“^(s(P))). We claim that Q^{y) ■ f = x. Fix {b,eu) G Q*(B). 

Case 1. {b,eu) ^ supp(a;). Then x{b,ev) =0. If 6 ^ then Q^iy) {b,eu) = 0, so 

{Q*{y) ■ f){b, ez/) = 0. If 6 G p~^{U), then z/ G r“^(s(P)), so 

/(z/) = x{p O O r(z/), O r(z/))z/) = x{p{e), eu) = {p{e)/b)x{b, eu) = 0. 

Case 2. {b,eiy) G supp(a;). We compute that 

{Q*{y) ■ f){b, ev) = y{b)f{v) = {b/p{e)){p{e)/b)x{b, ev) = x{b, ev). 

So Q*{y) ■ f = X and we hnish proving the claim. Hence 

h{jx{y))jAy^f) ~ jx,E^Q*^y))jApO) ~ jxpi^)- 
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Therefore the image of h contains the image of because we just showed that the 
image of h contains the image of g. We are done. □ 

Recall that by Lemma 17.11 the shift map a is a partial local homeomorphism on dE. 

Definition 7.6. The boundary path groupoid of a topological graph E is dehned to be 
the Renault-Deaconu groupoid V{dE,a) (see Dehnition l6.4p . 

Theorem 7.7. Let E be a topological graph and let p : B ^ E^ be a principal circle 
bundle. Let Q*{p) : Q*(B) —)■ dE \ E^^ be the pullback bundle o/B by Q. Denote by 
j : dE \ —)■ T{dE, a) the embedding such that ji^eio) = (eu, 1, z/) for all e ^ E^,^ ^ dE 

with s(e) = r(z/). Let A be the topological twist A over the boundary path groupoidT{dE, a) 

T X r° 4 A 4 T{dE,a) 

such that j*(A) = Q*(B) (see Theorem A6.6]) . Then C>(i?,B) is isomorphic to the twisted 
groupoid C*-algebra C*{T{dE,a),A). 

Proof. The result follows directly from Theorems 16.7117.51 □ 

Example 7.8. In 1989 Rieffel introduced quantum Heisenberg manifolds Df^^, where 
p, z/ G M and c G N as key examples of his deformation quantization theory (see m)- 
Work of Abadie et ah (see PP) showed that each quantum Heisenberg manifolds is 
isomorphic to a twisted topological graph C*-algebra Ox(e,l) (without using the language 
of topological graphs) with = T^, r = id, s is translation by a parameter de¬ 

pending on p, z/ G M and L is a Hermitian line bundle determined by the integer c. Kang 
et ah (see [7]) proved that is a twisted groupoid C'*-algebra. 

Appendix 

In this appendix, we provide an alternative proof of Theorem 16.61 by using the cocycles 
approach. 

Firstly, we can present the principal circle bundle in the following way. There exist an 
open cover {AQ,}Qg© of dom(cr) and a 1-cocycle {sa^}a,/3ee) such that 

B = Ha6©(A'„ X T)/{t,z,a) ~ {t, zsapit),/3). 

For ki, k 2 > 1, we have a principal circle bundle over (Hfii dom(cr)) x (Hjli dom((T)) 

ki k2 

i=l j=l 

(tl, . . . , tfci; . . . , ^'Sai^i(H) • • • ifkf) 

(t]^) ■ ■ ■ (fk2)y • • • ) f^kii 4) • • • ) Pk2)' 

Notice that there is an embedding z.fci,fc 2 • ^kiM ^ dom (a)) by 

sending (ti,/ci — ^ 2 ,^ 2 ) to (ti,..., cr^i“^(fi), f 2 , • • •, cr^^~^(t 2 )) for all H G dom((j^i),f 2 G 
dom((j*^2). Dehne a principal circle bundle Pfci,fc 2 • ^ki,k 2 ^kiM to be the restriction of 
the above bundle to F^^ ^ 2 ; that is 

4 i,fc2 := {(ti, • • •, t 2 , • • •, a^""^(t 2 ), z,ai,..., 4,..., a(,J}. 
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For fc > 1, there are embeddings -> IliLi dom(a); 6 o,fc ■'^o,k ^ HiLi dom(cr), 

and similarly we get principal circle bundles A^ o over F^ o; Ao,fc over Fo,fc. 

Moreover, we regard Fo,o as a copy of T via the homeomorphism to,o : ho^o —t T. Denote 
by Ao,o the trivial principal circle bundle T x T over T. 

For ki,k 2 > 1, define h{^kuk 2 ),(kiM) ■= id- 

For 1 < fci < /i, 1 < ^2 < ^2 with ki — k 2 = h — h-, define 

h{ki,k2),{h,l2) ' Pki,k2^^ki,k2 hi hzj,i 2 ) ^ PZi,Z 2 hi rZj^^Z 2 ) 

as follows. For any (ti ,..., a'^^-^{ti),t 2 , • •., a'^^-^{t 2 ), z, ai,.. .,aki,a[,.. e 

(Ffc^,fc 2 hlFzi,z 2 ), choose arbitrary ctzci+i,..., ozi, • • •, «Z 2 ^^^h that (ti) e 

A^afc^+i n = I,...,h-ki. Define 

h(Zci ,k2),{h:h)(j'^i ''' 1 ^ (tl), ^2 , . . . , CT (^ 2 )) Dl) ■ ■ ■ ) DZsi; j • • • ) O^Zc 2 ) ' 

(tl, . . . , crh-l(ti), t 2 , . . . , CT^^~\t2), (^^'"'(^ 1 )) ' ' ' 

Oi, . . . , DZi) •Ti) ■ ■ ■ 1 ^l 2 ^' 

It is straightforward to prove that h(^ki,k 2 ),(h,i 2 ) is a homeomorphism. Denote its inverse by 
^(h,h),{kiM) with the formula given as follows. For {ti ,..., a’‘^~^{ti),t 2 , ■ ■ ■, a^^~^{t 2 ), z, ai, 

. . . , ttZi, , . . . , DZ 2 ) ^ Plith ^^ki,k2 hi ^ 2 ) , 

^{Ii^l2)^{ki:k2)i.^l'! • • • (^ 1 ) 5 ^ 2 , . . . ,Cr {^^2^: Z^ . . . ,CrZi;D]^, . . . 

= (fi, . . . , a’^^-\ti),t2, . . . , (j’"^~\t2), 

Oi, . . . , DZsi) Q^i) ■ ■ ■ 1 0 ^/ 02 )■ 

Similarly, for any ki, k 2 ,h,l 2 > 0 with ki — k 2 = h — h, we are able to define a 
homeomorphism h(^kuk 2 ),ih,i 2 )- 

It is straightforward to check that for fci, ^ 2 , ^ 2 , lui, m 2 > 0 with ki — k 2 = h — 

I 2 fTli 117.2, we have PZi,Z 2 ^iki,k2),{ 11 , 12 ) Pki,k2i and h(Zj,Z 2 ),(mi,m 2 ) ^{ki,k2),{li,l2) 

Vi,fc 2 ),(mi,m 2 ) on Pklk 2 i^ki,k 2 '^^h,i 2 '^^mi,m 2 )- By LemmaESl we may construct a locally 
compact Hausdorff space A^ for z G Z by 

A^ := '^{ki,k2>0-.ki-k2=z}^ki,k2l ~ h{ki,k2),{li,l2)W ■ ^ ^ Pfci’,Zc 2 (BA:i,A :2 hlF;j^; 2 )}- 

For ki, k 2 , h, h > 0, if fci — ^2 7 ^ — h, then Fzji,fc 2 hlFz^,z 2 = 0- So we get a locally compact 

Hausdorff space A := 

Now we endow A with a groupoid structure. For ki > l,tj G dom(cr ^*),7 = 1,2,3, for 
Zi, Z 2 e T, suppose that (H,..., G nf=i (^ 2 , ■ ■ ■, (^ 2 )) e n*=i(^a' n 

Na'i)^ and that (ts,..., G nfli define 

(ti, ..., ts, • • •, D, «!,..., Ofei, a'l, ..., afc 2 )- 

{t 2 ,..., a^ 2 “^(f 2 ), ^ 3 , • • •, 2 : 2 , a",..., a' 4 , a"',..., a'^') 

:= (fi,... ..., ziZ2Sc,'ia[ih) ■ • • (o-''""^(t 2 )), 

0 ^ 1 , ■ ■ ■ ) Clfcu Dl 1 • • • 1 ^k^i 
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define 

(ti,... 

:= (ta,.. ..., a[,.. ... ,ai). 

More simply, 

(fi,... .. .,ak^,a[,.. 

{t2 ,..., (T^^~^{t2),t3,..., a^^-^its), Z2, a[,..., a'", ■ ■ ■, a'Q 

:= (ti,... ,cr''i“^(ti),t3,.. .,a’'^~^{ts),ziZ2,ai,.. .,ak,,a'",.. .,ag). 

It is straightforward to check that A is a locally compact groupoid under these two oper¬ 
ations with the unit space A° which is homeomorphic to Dehne i x T ^ A to be 
the embedding such that its image is Ao,o- Define p' : A —)■ r(T, a) in the obvious way. 
Thus A is the desired topological twist in Theorem 16.61 

In Kang et ah constructed A by using cocycles for the case when a is a homemorphism 
and T is a compact metric space. 
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